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1. Introduction 

Let Jn^ be the Jain operators 

°° / 1 \ 

='^uJis{k,nx)f (-U ( 1 - 1 ) 

k=0 

where x € Rq := [0, oo), nSN, 0</3<l and 


a) = ^{a + for a e Rq, fc e Nq = V U {0}. 


( 1 . 2 ) 


Approximation properties of were examined by Jain [l| for / G C'(Ro). In the particular case /3 = 0, Jjf* 
11 known the Szasz-Mirakyan operators Q. Kantorovich type extension of the operators cu was 
i. Various other generalization and its approximation properties of similar type of operators are 
0-3- In this paper, we modify operators jj?' given by (dH), i.e. we consider operators 


a 


if 5 hji', x) — 'y ( OnX^f 


k=0 


k 


,x G Ro,n G N 


(1.3) 


for / G C([0, oo)), where ian)jfLi and ibn)kkLi are given increasing and unbounded numerical sequence such that 
'a„ 


On > 1, > 1 and 


is non decreasing and 


Jn / I 




(1.4) 
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li an = bn = n for all n € N, then the operators reduce to the operators dm. 

The paper is organized as follows. In our manuscript, we shall study approximation properties of operators 1131). 
In section 2, we shall examine moments of the operators Jn\f]an,bn]x). We discuss approximation properties 
of the operators 1131 in section 3. We mention Kantorovich type extension of the operators Jn\f;an,bn',x) for 
further research. 


2. Moments of jjf 1 (/; a„, x) 

In order to obtain moments of Jn\f] an, bn', x), we need some background results, which are as follows: 
Lemma 1 ([ll). Let 0 < a < oo, 0 < /3 < 1 and let the generalized poisson distribution given by Then 


^uj0{a,k) = 1. ( 2 . 1 ) 

k=0 

Lemma 2 ([ll). Let 0<a<oo, 0</3<l. Suppose that 


^ , g-(a+/3fc) 

S{r, a, p) := ^(a + /3fc)i -, r = 0,1, 2,... 

k=0 


and 

a5'(0, a, P) '.= 1. 


Then 

S{r, a, (i) = aS{r - 1, a, (3) + l3S{r, a + /3, /3). 

Also, 

OO 

S{r, a, P) = P^{ct + kl3)S{r — 1,0 + kj3, j3). 

k=0 

From (12.21) and (12.31) . when 0 < /3 < 1, we get 

1 

a /3^ 

(1^^’ 

a/3^ /3^ + 2/3^ 

(WF ^ (wF ^ (1-/3)^’ 

6a^f3^ + lla/3^ + 8/3® + 6/3® 

(wF^IwF^ (1-^)6 + a^3F 

In the following lemma, we have computed moments up to 4*® order. 

Lemma 3. Let 0 < /3 < 1, then the following equalities hold: 

1. jF'(l;a„,6„;a;) = 1; 


S{l,a,(3) 

S{2,a,/3) 

S'(3,a,/3) 

S{4,a,/3) 


( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 
(2.7) 
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2. Jl^\t]an,bn]x) = 

3. = 

4. j]fl(t^;a„,6„;a:) = 

5. Jl^^{t^-an,bn;x) = 


anX 


6n(l-/3)’ 


xa^ 


(1_/3)252 (1-/3)352’ 


3^3 


a: a: 


3x^a^ x{l + 2^)ay, 


+ 


(1 -/3)353 (1 -/3)453 (l-/3)5&3 ’ 


4 4 

x^az, 


6x^a^ ^x^(7 + 8/3)a^ ^ x (l + 8/3 + 6/3^) i 


(1-/3)454 (i_/5)^54 (1-/3)654 (1-/3)754 

Proof: Using equalities (j2.1D . (|2.4p to (|2.7p and by simple commutation, we obtain 


^n-> ^riT ^ ^ ^^(^; Qn^) — 1; 


fe=0 




6n 4^ k\ 

k=0 

GnX 


S{l,anX + 13,13) 


jZ^\t^-,an,bn-,x) = 


6„(l-/3)’ 

7^2 

^ ^(a„cc + fc/3)fe-ie-(a„x+fc/3)^ 
fc =0 ■ " 

QnX 


62 


[5'(l,a„x + /3,/3) + S{2,a„x + 2(3,13)] 


62 

L 


1 - 


1 ^ a„a; + 2/3 /32 


x^al 


+ 


(l-/3)2 (1-/3)3J 

XQn 


(1 -/3)262 (1 -/3)352 




56 

'-'-n 


/fc3 


y ^(a„a: + fc/3)'=-ie-(“'‘"+'=« — 


[5'(l, a„x + /3, /3) + 35'(2, UnX + 2/3, /3) + S'(3, a„a; + 3/3, /3)] 


+ 


3x^0^ x{l + 2/3)an 


(1-/3)363 (1-/3)453 (1-/3)553’ 


jji^'(i'‘;a„,6„;a;) = 


a-gX 

bi 

+6S'(3, QgX + 3/3, /3) + S'(4, agX + 4/3, (3)] 


[5(1, agX + (3,13) + 75(2, agX + 2/3, /3) 


4 4 

x^a^ 


^ ^ a;2(7 + 8/3 )o 2 ^ a; (1 + 8,8 + 6/32) a„ 


(1 -/3)464 (1-/3)554 (1-/3)364 




Lemma 4. Lei 0 < /3 < 1, i6en i6e following equalities hold: 
1- Jl'^\t-x-,an,bn]x)= (°l/3) ~^)^’ 


2. - x)^;a„,6„;: 


0 = 




(1 - m 


- 1 


XQn 
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3. Jf ((t 

4. 


x)^]an,bn;x) = x^ 
x)'^;an,bn;x) = x'^ 
+ 


/ an Sx'^Gn f an \ a;a„(l + 2/3) 

{{1-P)bn J ^bl{l-Pr\{l-P)bn (l-/3)5&r 

/ a„ 6anX^ / an V 

Ul-/?)&„ J + (1-/3)362 V(l-/3)6„ J 

ttnX^ fan{7 + 8P) ^ /'a„(l+ 8/3 + 6/32)^ 


Proof of the above lemma, follows from the linearity of the operators Jn\f; an, bn', x). 
By equality m and lim f3n = 0, obtain 

n—^oc 


lim 6„jj^^'‘l(t - a;;a„,6„;a;) 

n—foo 

lim bnj\^ ,^n,bn,x') 

n—^oci 

lim bnJlf’'^{{t - xf-,an,bn;x) 
n—>-oo 

lim bljl^^\{t - x)'^;an,bn;x) 


0 ; 

x; 

0 ; 

3x^, 


for every x € Rq- 

3. Approximation properties 

Let p € No, 

wo(a;) = l, ujp (x) = (1 + xP)~^ if P > 1, 

for X € Ro, and Bp be the set of all functions / : Rq —>■ R for which fup is bounded on Rq and the norm is given 
by the following formula: 

ll/llp = sup U}p{x) \f{x)\. 

rc€Ro 

Moreover, Cp be the set of all / G Bp for which ftUp is a uniformly continuous function on Rq. The spaces Bp and 
Cp are called polynomial weighted spaces. 


Lemma 5. Letr £ N be fixed number. Then there exists positive numerical coefficients Xr,j,/ 3 , 7 < j < r, depending 
only on r and j such that 


Jlf\f-,an,bn-,x) = 


1 


E- 

i=i 


A, 




b-n{i - PY fiy 


— {anxY 


for all X £ Rq and n £ N. Moreover, we have Xr,i,i 3 = 1 = K,r,i 3 - 


The proof follows by a mathematical induction argument. 


Lemma 6. For given p £ Nq and {an)'YLi ^nd {bn)Y=i there exists a positive constant Mi{bi,p, fi) such that 


jW 

O rn 




< Mi(6i,p,/3), 

P 


n gN. 


(3.1) 
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Moreover, for every f G Cp, we have 


ll-/F'(/;«n,&n;-)llp < M,ih,p,mf\\p, neN. 


(3.2) 


The formula ED, ED and the inequality EDj show that , n G N is a positive linear operator from the space 
Cp into Cp, p G Ng. 

1 


Proof: If p = 0, then 
If P > 1, then by p.3|) . 


Ji/^1 


■, an , bn , * 


UJo{t) 

1.4I1 . Lemma |3] and Lemma El we get 


= sup |j]fl(l;a„, 6 „;a:)| = 1 . 
0 xeRo 


, Ojyi^ bji^ — cOpi^x'j 1 Ojti'j x') ^ 

1+^ I ^ ^ 6^(1 - P)p ^ (1 - 


1 X ^ ^r,j,j3 


■V — 

1 + xP (1 - P)P ^ (1 - bl~^ \bnj l + xP 


1 fa. 


< 1 

for all X G Rq and n G N. From this, ED follows. 
By (11.31) and definition of norm, we have 




(1 _ /3y ^ (1 - /3)J-1 5P-J- 


\\Jn\f\an,bn;-)\\p < \\Jlf\-^;an,bn-r)\\p\\f\\p, 

UJp{t) 

for every f € Cp, p € N and n G N. From (13.IF the inequalities (13.21) is achieved. 
Theorem 1. For every p G Ng there exists a positive constant M 2 {bi,p, ft) such that 


OJ, 


,ix)Jlf^ 


{t - xf 


yt) 


;an,bn;x) < M2{bi,p,/3) 


(1 - y)bn 


-1 + 


{1-yybn 


(3.3) 


for all X G Rg and n G N. 

Proof: If p = 0, then (13.31) follows from values of ((< — cc)^; a„, a:). 

Let if',x) = {f;an,bn',x). Notice that 


For p = 1, we get 


j[0] 

U YJ 


Jn^ (t) ’^) ^ +Jn^ {C{t-xf-,x) . 


= JnHy - 

UJi(t) ) 

= J'f' +Jiy^ {{t-xf;x) +xJiy^ {{t-xf;x) 

= (1 + x)Jn'^ {y - xf',x) + {{t - xf-, a;) . 


(3.4) 
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Therefore, 




2 


< M2{bi,p,l3) x' 


li p> 2, then by Lemma [51 we get 


UJp{x)j\^'^ xf]x) = 


Wp(a;) I - 2xJlf^ {tP+^]x) + (tP-,x)'^ 

{ 1 \ 7 — 1 

1 Ap+2,j,/3 j 

5P+^(l-/3)P+i (l-/3V-i“”l + a;P 

2 Ap+i^j_/3 j 

“6^(1-/3)P ^ (1 - /3y-i 1 + xP 

_1_ ^ Ap,j,/3 i_^T!_lj_ 1 / Qn V"*"^ 

^ bl~^(l- P)p-^ ^ (l-/3V-i“"l + a;P j (1 -/3)2p+3 1 + sp 

2 / ara\^~''^ 1 /ara\^ xP’*'^ 

~(i-/3)2p+i 1 + xp (i-/3)2p-i V^y 1 + xP 

X J 1 Ap+2,:/,/3 J x-' ^ 

^«(1 -/3) I 6P+^(l-/3)P+i (l-/3y-i“”l + xP 

2 Ap+l^j^;3 , x^ 

~bUl-P)P ^ (l-/3)i-i“-TT^ 


Wp(x)j]fl (tP(< - x)^;x) = 



Since 0 < ^ < 1 for n G N, (1 — /3) ^ < (1 — /3) we have 


h, 


Wp(x)Ji^'(t2’(t-x)2;x) < ^ (i^^)3 




(3.5) 


for X G Rq, n G N. Using (|3.5I) in (13.4L we obtain p.3p for p>2. 
Thus, the proof is completed. 
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Now, we approximate {f]an,bn]x) using the modulus of continuity uJi{f,Cp) and the modulus of smoothness 
^2{f,Cp) of function / G Cp, p G Nq 


wi(/,C'p,t) := sup ||Aft,/(-)||j 


■'pi'') ■— oLip ||i—s/ij lip, L 02 {f,Cp,t) :— sup ||A^/(-)||p, 

0 <h<t 0 <h<t 


for t > 0, where 


^hf{x) = fix + h) - fix), ^Ifix) = fix) - 2fix + h) + fix + 2h). 


Let 


f,n,l 3 ix) — X 


-1 + 


6n(l-/3) ) 6n(l-/?)3 


, X G Ro, X G N. 


(3.6) 


Theorem 2. Suppose that f € Cp with a fixed p G Nq. Then there exists a positive constant M^ibi,p, (3) such that 


Wp(x)|j]f' if;an,bn;x) - fix)\ < \\f 


bnil-P) 


- 1 


||/"||pM3(6i,p,/3)^„,p(x), 


for all X G Rq, n G N. 


Proof: Notice that (0; a„, 6„; x) = /(O), n G N, which implies (13.71) for x = 0. 
Let X > 0 and let (/; x) = Jn^ if; an,bn;x). For f G Cp and < G Rq, 


fit) = fix) + /'(x)(t - x) + f it- u)f"iu)du. 

J X 


Applying jif^(/;x) on both side, we obtain 


Ju\fit)ix) = /(x)+/'(x)jl(^]((t-x);x) + J[fl (^j it-u)f"iu)du;x^ . 


Notice that 


' it — u)f"iu)du 

X 

Now, using above inequality, we have 


< 


1 1 


iOpit) iOpix) 


+ TTTAT (^ - ^) • 


Wp(x)|4^'(/(t);x)-/(x)| < ||/'||p4^1((t-x);x) 


+ ll/"llpWp(x)jl(^l ((wp(t) 


H-) it - x)^;x 


bnil-P) 


- 1 


X + ||/"||p^„./3(x)M3(6i,n,/3). 


(3.7) 


^UJpit) CUpix)^ 

< llf'llp'^nHit-x);x) 

+ ||/"||p (u;p(x)jf + J[fl ((t-x)2;x)) . 

Now, using (USD and (EH), we get 

^pix)lJi^Hfit);x) - fix)! < ll/'llp 
Thus, the proof is completed. 
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Corollary 1. Let p{x) = (1 + x^) ^, x € Rq- Suppose that f G Cp with a fixed p = 2. Then there exists a positive 
constant Mi{bi,p, jS) such that 


II[-/if'(/; an,bn;x)- f{x)] < (^1 - ^ Il/'ll2 

+M4b,,p,l3)\\n\2b-\1 - fd)-^n e N 


(3.8) 


Theorem 3. Suppose that f G Cp with a fixed p G Ng. Then there exists a positive constant M^{bi,p, fi) such that 


- 1 


X{fn,/3{x)) (f-,Cp]^Jfn,p{x) 


bn{l-fi) 

+M5{bi,p,fi)uJ2 (f',Cp-,^Jfn,p{x)] , 


i^p\JnHf:au,bn-,x)-f{x)\ < 


for all X > 0 and n € N, where in,p{-) is defined in \S. 6 \) . For x = 0, it follows that Jn\f',an,bn;0) = /(O). 


4 fh/2 /■h/2 

fh{x) =-^ J J [f{x +s + t) - f{x + 2 {s + t))] 


Proof: We shall apply the Steklov function fh for / G Cpi 

4 rh/2 ph/2 

lo Jo 

X G Rq, h > 0, for which we have 

1 

>0 


dsdt, 


fhix) = J [ 8 Ah/ 2 f{x + s)- 2 Ahf{x + 2 s)]ds, 


1 


Jhix) = \ 8 A,^/J{x) - AJ{x) 


Hence, for /i > 0, we have 


||A-/||p < uj2{f,Cp;h), 

Wf'hWp < bh-^uJiif,Cp]h)-J^^^J^, 

OJplyX + h) 

m\p < 9h-^u;2(f,Cp;h), 

which show that fhGCpiifG Cp. By denoting Jn\f]an,bn]x) by jl^\f]x) we can write 

^p{x)\j'i\f]x) - f{x)\ < UJp{x)^\j]i\f - fh\x)\ + \j]i\fh\x) - fh{x)\ 

+ \fh{x) — /(a;)|} := Hi + A2 + H3, 

for a; > 0, /i > 0 and n gN. By (13.21) and (13.9L we have 

Hi < Mi(6i,p,/3)||/-/,i||p <Mi(6i,p,/3)a;2(/,C'p;h), 

H 3 < uj2{f,Cp;h). 
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(3.9) 

(3.10) 

(3.11) 











Applying Theorem [21 inequalities (I3.10p and (I3.11L we get 


^2 < ll/'l 


- 1 




bnil-P) 

ujp(x) 5x 


\\f”\\pM3ibi,p, /3)^n,l3ix) 


(jjp{x + h) h 


bnil-P) 


- 1 


+ ■J^UJ2{f,Cp-,h)M3(bl,p,(3)^n,l3{x) 


Combining these and setting h = for fixed a: > 0 and n € N, we obtain the desired result. 

Theorem 4. Let f S Cp, p G Ng, and let p(x) = (1 + x^)~^ for x G Rg. Then there exists a positive eonstant 
MQ{bi,p, /3) such that 


J\^\f\an,bn-,x) - f 


bjl- 


^ [f,Cp-,l/Vbn{l-l3r) 
+MG{bi,p, i3)uj2 (/, Cp; 1/ y/b„{l - /3)3^ , n G N. 


From Theorems [3] and m we derive the following corollary: 

Corollary 2. Let f G Cp, p G Ng, Pn ^ 0 as n ^ oo. Then for defined by in, we have 


lim J,[^"l(/;a„,6„;a;) 


fix), 


X G Rg. 


(3.12) 


Furthermore, the convergence of iS.12i) is uniformly on every interval [xi,X 2 ], where X 2 > Xi> 0. 

Remark 1. The error of approximation of a function f G Cp,p G Ng by Jn^ (/; a„, 5„; .) where a„ = n’" + ^ and 
bn = n'^,r > 1 is smaller than by the operators m- 


4. The Operators a„, b„) 

In 1985, Umar and Razi introduced Kantorovich type extension of the operators (HU. Motivated by these, 
we introduce the further generalization of the operators (lEU, in the following way: 


k + 1 


UU «- 

Klf^(f;an,bn;x) = b„J2‘^/3(^’^nx) H f{t)dt, 


(4.1) 


where x G Rg := [0, oo), nGN, 0</3<l and ujg^k, Onx) as same in (11.31) . 

It is obvious that, the operators iF]f^(/, a„, 6„), n G N, defined in (14.IL we can consider for function f G Cp, 
p G Ng. For these operators and f G Cp, we can prove lemma and theorems similar to the operators jl^\f, a„, 6„). 


One can study properties of A'|f^(/, a„, 5„) for functions / G T(Rc) as same as discussed in M- 


n 
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